Abstract. In this work, we study the spectra and eigenmodes of the Hessian of various discrete surface energies and discuss applications to shape analysis. In particular, we consider a physical model that describes the vibration modes and frequencies of a surface through the eigenfunctions and eigenvalues of the Hessian of a deformation energy, and we derive a closed form representation for the Hessian (at the rest state of the energy) for a general class of deformation energies. Furthermore, we design a quadratic energy, such that the eigenmodes of the Hessian of this energy are sensitive to the extrinsic curvature of the surface. Based on these spectra and eigenmodes, we derive two shape signatures. One that measures the similarity of points on a surface, and another that can be used to identify features of the surface. In addition, we discuss a spectral quadrangulation scheme for surfaces.
Introduction
The spectrum and the eigenfunctions of the Laplace-Beltrami operator of a surface have stimulated much recent work in shape analysis and geometry processing, ranging from parametrization, segmentation, and symmetry detection to shape signatures and mesh filtering. Such methods profit from the properties of the eigenfunctions of the Laplace-Beltrami operator. For example, on a curved surface they form an orthogonal basis of the space of L 2 -functions on the surface. Furthermore, the Laplacian depends only on the metric of the surface, hence the eigenvalues and eigenfunctions are invariant under isometric deformations of the surface. However, there are disadvantages as well. For example, a consequence of the invariance to isometric deformations is an insensitivity to extrinsic feature of the surface, like sharp bends, that are of essential importance for some applications.
Contributions. In this work we derive operators, whose eigenmodes and spectra can serve as alternatives to the spectrum and modes of the Laplacian for applications in geometry processing and shape analysis. On the one hand, the eigenfunctions of these operators share properties with the eigenfunctions of the Laplacian, e.g., they form an orthogonal basis of an adequate space of variations of the surface. On the other hand, there are fundamental differences, e.g., these eigenfunctions depend (not only on intrinsic quantities but also) on the extrinsic curvature of the surface. We consider two different settings: vibration modes and frequencies of surfaces derived from deformation energies, and eigenvalues and eigenmodes of the Hessian of quadratic energies that are defined on a space of functions on a surface.
On a planar domain, the eigenfunctions of the Laplacian serve as a model for the vibration modes of a flat plate (Chladni plates). For curved surfaces more elaborate models are required to describe the vibration modes of a surface. We consider a physical model that describes vibration modes of a surface mesh through the eigenfunctions of the Hessian of a deformation energy. In general, computing the Hessian of a deformation energy is a delicate and laborious task. But, to compute the vibration modes we do not need to compute the Hessian at all points in the space of possible surfaces, but only at the point that represents the reference surface. We derive a simple formula, that can be used to compute the Hessian at the reference surface for a general class of deformation energies. We hope that this framework will stimulate further exploration of the eigenmodes and eigenfrequencies of deformation energies.
The Dirichlet energy of a surface is a quadratic functional on an appropriate space of functions on a surface. The Hessian of this energy is the LaplaceBeltrami operator of the surface. We propose a quadratic functional that can be derived from the Dirichlet energy, but is not intrinsic. The eigenfunctions of this energy are sensitive to the extrinsic curvature of the surface.
We discuss three applications that use the proposed eigenmodes and spectra. We define two (multi-scale) signatures, the vibration signature, based on the vibration modes, and the feature signature, based on the eigenmodes of the modified Dirichlet energy. To each of the two signatures we associate a (multiscale) pseudo-metric on the surface. The resulting vibration distance can be used as a similarity measure on the surface and the feature distance can identify features of a mesh. Furthermore, we test the spectral surface quadrangulation method of Dong et al. [6] with specific vibration modes, instead of eigenfunctions of the Laplacian. The resulting quadrangulation, in our opinion, aligns better with the extrinsic curvature of the surface.
Related work. Recently, we have seen a boom of papers that use the eigenvalues and eigenfunctions of the Laplace-Beltrami operator as an ingredient to algorithms in geometry processing and shape analysis. An overview of this development can be found in the recent survey by Zhang et al. [29] and in the course notes of a Siggraph Asia 2009 course held by Lévy and Zhang [16] . Here, we can only briefly outline the work that has been most relevant for this paper.
The spectrum of the Laplace-Beltrami operator of a Riemannian manifold contains a significant amount of information about the manifold and the metric. Though it does not fully determine the Riemannian manifold, it can be used as a powerful shape descriptor of a class of isometric Riemannian manifolds. Reuter et al. [21, 22] use the spectrum of the Laplace-Beltrami operator to construct a finger print of surfaces, which they call the Shape-DNA. By construction this finger print is invariant under isometric deformations of a surface. Among other applications the Shape-DNA can be used for shape matching, copyright protection, and database retrieval. Rustamov [23] developed the Global Point Signature (GPS), a signature that can be used to classify shapes up to isometry. Based on GPS, Ovsjanikov et al. [17] developed a method for the detection of global symmetries in shapes. Dong et al. [6] present an elegant technique that uses the Morse-Smale complex (and the quasi-dual complex) of a carefully chosen Laplace eigenfunction to generate a coarse quadrangulation of a surface mesh. This approach was extended by Huang et al. [14] , who design a least-squares optimization routine that modifies the selected Laplace eigenfunction (and hence its Morse-Smale complex) and provides a user with control of the shape, size, orientation, and feature alignment of the faces of the resulting quadrangulation. The computation of the spectrum and eigenfunctions of the Laplacian is a delicate and computationally expensive task, even for medium sized meshes. Vallet and Lévy [27] propose an efficient shift-and-invert Lanczos method and present an implementation that is designed to handle even large meshes. Using the eigenfunctions of the Laplacian, one can compute the heat kernel of the surface. Sun et al. [26] propose a surface signature based on the heat kernel and use the signature to derive a measure for the geometric similarity of different regions of the surface. Due to its construction, this measure is invariant under isometric deformations of the surface. Independent of this work, Gebal et al. [10] propose a similar signature, named the Auto Diffusion Function, and use it for mesh skeletonization and segmentation.
Modal analysis is a well established technique in structural mechanics and mechanical engineering, that aims at computing the modes and frequencies of an object during vibration. In graphics, it is mainly used to speed up physical simulations, see [2, 4, 12, 18] . Recently, Huang et al. [15] use vibration modes of a surface to decompose it into physically meaningful parts. They compute the modes of the surface from the Hessian of the as-rigid-as-possible deformation energy, which was proposed by Sorkine and Alexa [25] .
In physical simulation, thin shell models describe the dynamics of a thin flexible structure that has a curved undeformed configuration. For example, in cloth simulation thin shells are used to describe folds and wrinkles [3] . Common discrete models [1, 3, 9, 11] describe the middle surface of a thin shell by a mesh and measure the bending of the surface at the edges of the mesh. Of particular interest for this work is the model of Grinspun et al. [11] that uses a discrete energy to simulate thin shells.
Deformation Energies
In this section, we consider discrete deformation energies that are defined for surface meshes in R 3 . Such energies measure the deformation of a mesh from a reference mesh. A surface mesh is given by the positions of the vertices and the combinatorial information which vertices form triangles. Here, we vary only the positions of the vertices and leave the combinatorial information unchanged. The positions of the vertices can be written in one 3n-vector x, where n is the number of vertices. Hence, we can identify the space of meshes (with fixed combinatorics) with R 3n .
A general deformation energy. We consider deformation energies of the following form:
where x is a surface mesh andx a fixed reference mesh. In this equation, the sum can run over the edges, the vertices, or the triangles of x, and the f i 's and ω i 's are elementary functions, which e.g. measure angles, length of edges, or area of triangles. The weights ω i must be positive and we require E to be twice continuously differentiable aroundx. Then, E has global minimum atx, which implies that the gradient of E atx vanishes and that the Hessian of E atx is positive semi-definite. As an example of such an energy we consider a discrete energy that is designed for thin shell simulation.
Discrete shells. If we regard the surface mesh as a thin shell, then a physical model of thin shells provides us with a deformation energy. Here, we consider the discrete shell model of Grinspun et al. [11] . The energy that governs this model of thin shells is a weighted sum of two components: a flexural energy and a membrane energy. The weight reflects properties of the material to be simulated, e.g., in cloth simulation the membrane energy usually gets a high weight due to the stretching resistance of cloth.
The discrete flexural energy is given as a summation over the edges of the mesh: where θ ei is the dihedral angle at the edge e i , A ei is the combined area of the two triangles incident to e i and e i is the length of the edge. The quantities ē i ,Ā ei , andθ ei are measured on the reference mesh. To write this flexural energy in the general form (1) we set
The membrane energy consists of two terms: one measuring the stretching of the edges,
and one measuring the change of the triangle areas A i
Here the second sum runs over the triangles of the mesh. We can describe E L in the general form (1) by setting
and to describe E A we set
Modes of Deformation Energies
Modal analysis provides ways to compute the modes of a surface with respect to a deformation energy. To inspect the modes of a mesh, given by a 3n-vectorx, we consider a deformation energy E(x) that hasx as a reference surface. Then, we are interested in the eigenvalues and eigenmodes of the Hessian of the deformation energy E at the meshx ∈ X.
The Hessian of a deformation energy (or more general of a function) does not depend solely on the differentiable structure of X, but also on the metric on X, hence belongs to Riemannian geometry. Therefore, before considering the Hessian of E we equip X with a metric. Since X equals R 3n , the tangent space T x X at a mesh x can be identified with R 3n . We can interpret an element of T x X as a vector field on x, that assigns a vector in R 3 to every vertex of x. Then, a natural choice of a scalar product on T x X is a discrete L 2 -product, e.g., the mass matrix used in FEM [28] or the discrete L 2 -product used in DEC [5, 27] . We denote the matrix, that describes the scalar product on T x X by M x . For completeness, we would like to mention that if x is a mesh that has degenerate triangles, the discrete L 2 -product on T x X may be only positive semi-definite. However, away from the closed set of meshes that have at least one degenerate triangle, X equipped with the discrete L 2 -product is a Riemannian manifold. We denote by ∂E x the 3n-vector containing the first partial derivatives of E at x and by ∂ 2 E x the matrix containing the second partial derivatives at x. We would like to emphasize that ∂E x and ∂ 2 E x do not depend on the metric on X, whereas the gradient and the Hessian of E do. The gradient of E at x is given by
The Hessian of E at a mesh x is the self-adjoint operator that maps any tangent vector v ∈ T x X to the tangent vector hess x E(v) ∈ T x X given by
where ∇ is the covariant derivative of X.
Hessian computation. In general, it is a delicate task to derive an explicit representation of the Hessian of a deformation energy and often only approximations of the Hessian are available. Here, we derive a simple explicit formula for the Hessian of a deformation in the general form (1) at the pointx, which involves only first derivatives of the f i 's. Since the gradient of E vanishes atx, one can show that atx the Hessian of E takes the following form
Hence, atx we do not need derivatives of the metric to compute hessxE. Furthermore, to compute the second partial derivatives of E atx we do not need to calculate second derivatives, but we only need the first derivatives of the f i 's. We present an explicit formula for ∂ 2 Ex in the following Lemma.
Lemma 1 (Explicit Hessian). Let E be a deformation energy of the form (1). Then, the matrix ∂ 2 Ex containing the second derivatives of E atx has the form
where ∂f ix T denotes the transpose of the vector ∂f ix . Fig. 3 . Visualization of vibration modes derived from the discrete thin shell energy.
In each row the left most image shows the rest state followed by some deformations captured by a vibration mode.
The computation of the first derivatives of the f i 's is usually straight forward, and, in addition, the first derivatives of many elementary quantities are explicitly stated in the literature. For example, a formula for the first derivative of the dihedral angle θ can be found in [28] and a formula for the first derivative of the area of a triangle is contained in [20] .
Eigenvalue problem. To get the eigenmodes of hessxE, we need to solve the generalized eigenvalue problem
where Φ ∈ TxX and λ ∈ R. The matrix ∂ 2 Ex is symmetric and at least positive semi-definite (x is a minimum of E) and Mx is symmetric and positive definite. Hence, the structure of this problem is similar to the generalized eigenvalue problem arising in manifold harmonics [23, 27] . Fast solvers for this problem are discussed in [24, 27] . Since hessxE is self-adjoint with respect to the discrete L 2 -product (given by Mx), all eigenvalues of hessxE, i.e. the solutions of (8), are real and the eigenmodes hessxE form an orthogonal basis of TxX. If we L 2 -normalize the eigenmodes, they form an orthonormal basis of TxX in which both Matrices ∂ 2 Ex and Mx are diagonal matrices.
Vibration modes. To illustrate the concept of eigenmodes of the Hessian of a deformation energy, we look at the vibrations of a mesh in a force field induced by the energy. For simplicity, we consider the case of free vibrations. In general, the dynamics of a time-dependent mesh x(t) in the space X is governed by a system of non-linear second-order ODEs of the form
see [1] . Here, the mass matrix M x represents the physical mass of x and f represents the acting forces. We consider the force field that has E as its potential, i.e.,
In the case of free vibrations, this is the only force. In a more general setting, we could include damping and exterior forces, see [18] . The equations that govern the motion of a time-dependent mesh x(t) during free vibration are
where we use the definition of the gradient, eq. (5), to simplify the formula. Since we are interested in meshes x that are (arbitrarily) close tox, we expand the force grad x E into a Taylor series aroundx. Using ∂Ex = 0 (x is a minimum of E) we get
Then, if we omit the second order term in (10) and plug (9) and (10) together, we get hessxE u(t) +ü(t) = 0,
where u(t) = x(t) −x. This is a system of second-order linear ODEs that are coupled by hessxE. To solve the system we consider a normalized eigenbasis B of hessxE. Written in such a basis, both matrices ∂ 2 Ex and Mx are diagonal matrices and equation (11) takes the form
where w is the representation of u in the basis B and Λ is a diagonal matrix that contains the eigenvalues. The system (12) is decoupled and can be solved row by row. Each row describes an oscillation aroundx with frequency √ λ in the direction of the eigenmode Φ corresponding to the eigenvalue λ. This means, that the eigenmodes of problem (8) describe the vibration modes of the meshx (with respect to the deformation energy E).
The vibrations of a physical system are usually not free, but are affected by damping forces. Common models for such forces are Rayleigh damping, see [12] , and, even simpler, mass damping, see [18] . We would like to mention that if Rayleigh (or mass) damping forces are added to the system, it still has the same vibration modes, see [12] .
Normal variations. In addition to arbitrary variations of the vertices ofx, we consider variations that restrict every vertex to vary only in direction of the surface normal at the vertex. Let us fix a normal direction at each vertex of the mesh. Then, a normal variation is determined by a function on the mesh. This reduces the eigenvalue problem (11) to an n-dimensional problem. We denote the restriction of ∂ 2 Ex to the subspace of TxX spanned by the vertex normals ofx by where ϕ is a function on the mesh. The corresponding eigenvalue problem is
where Mx is the mass matrix that represents the discrete L 2 -product of functions on the meshx.
Quadratic Energies
In addition to energies defined on the space of meshes X, we consider energies that are defined on an appropriate space of functions on a surface. In particular, we consider the Dirichlet energy, that on a compact smooth surface Σ is defined for weakly differentiable functions ϕ : Σ → R (that vanish at the boundary of Σ) by
This is an intrinsic energy, therefore, the energy and its eigenmodes do not change under isometric deformations of the surface Σ. For some applications this is a desired feature, for other applications it is not. By modifying the Dirichlet energy, we construct a new energy that is extrinsic. Assume that Σ is an orientable surface in R 3 and let ν denote the normal of Σ. Then, all three coordinates ν k of ν are smooth functions and for a weakly differentiable function ϕ the product ϕ ν k is weakly differentiable. We define
This energy satisfies the equation
where κ 1 and κ 2 are the principal curvatures of Σ. This means that E N D (ϕ) is the sum of the Dirichlet energy of ϕ and the ϕ 2 -weighted total curvature of Σ.
Discrete energies. In the discrete setting, we consider a mesh x ∈ X and the space F x of continuous functions u : x → R that are linear in every triangle. Such a function is differentiable in the interior of every triangle, and hence one can directly evaluate the integral (13) . For a rigorous treatment of this discrete Dirichlet energy and a convergence analysis see [7, 13] . A function in F x is already determined by its function values at the vertices of x, hence it can be represented by an n-vector. Then, the discrete Dirichlet energy E D is a quadratic functional on F x , and for a function u ∈ F x (represented by an n-vector) E D (u) is explicitly given by
where S is the usual cotan-matrix, see [19, 28] . To discretize the energy E N ∆ we fix a normal direction at every vertex of the mesh, and we denote the oriented unit normal vector at a vertex v i by N (v i ). Then, we say a continuous and piecewise linear vector field V on x is a normal vector field if for every vertex v i of x the vector V (v i ) is parallel to N (v i ). The space of normal vector fields on x is an n-dimensional vector space and the map that maps a function u ∈ F x to the normal variation V u , given by 
A simple calculation shows that the energy E
where the formula
relates the entries A ij of the matrix A to the entries S ij of the cotan-matrix S.
The computation of the Hessian of the Dirichlet energy E D and the energy E N D is simple. Both energies are quadratic, therefore the Hessian is constant and the matrices ∂ 2 E D and ∂ 2 E N D are the matrices S and A given in equations (16) and (17) . The metric we consider on F x is the discrete L 2 -product given by the mass matrix M . The eigenvalues and eigenfunctions of the Hessian of E D (resp. E N D ) satisfy the generalized eigenvalue problem S φ = λ M φ (resp. A φ = λ M φ). To abbreviate the terminology, we call these eigenvalues and eigenfunctions the eigenvalues and eigenmodes of the energy E D (resp. E 
Modal Signatures
In this section we introduce two multi-scale surface signatures: the vibration signature, based on the vibration modes of the surface, and the feature signature, which uses the eigenfunctions and eigenvalues of the modified discrete Dirichlet energy E N D . The construction of the signatures follows the construction of the heat kernel signature defined in [26] .
The signatures we consider are multi-scale signatures, which take a positive scale parameter t as input. For every t such a signature is a function on the mesh, i.e., it associates a real value to every vertex of the mesh. Let v be a vertex of a mesh x and let t be a positive value. Then, we define the vibration signature of x at vertex v and scale t by
where λ j and Φ j denote the eigenvalues and the L 2 -normalized vector-valued vibration modes of a mesh x. The value Φ j (v) describes the displacement of the vertex v under the L 2 -normalized vibration mode Φ j . For a fixed t the vibration signature of v measures a weighted average displacement of the vertex over all vibration modes, where the weight of the j th eigenmode is e −λj t . The weights depend on the eigenvalues and on the scale parameter. For increasing λ, the function e −λ t rapidly decreases, e.g., the modes with smaller eigenvalue receive higher weights than the modes with large eigenvalues. Furthermore, for increasing t all weights decrease, and, more importantly, the weights of the vibration modes with smaller eigenvalues increases relative to the weights of the modes with larger eigenvalues.
The feature signature is constructed in a similar manner, but it uses the eigenmodes and eigenvalues of the modified Dirichlet energy E N D . We define
where the λ j are the eigenvalues and the φ j (v) are the L 2 -normalized eigenmodes of the Hessian of the modified discrete Dirichlet energy E N D .
Multi-scale distances. From each of the two signatures we can construct the following (multi-scale) pseudo-metric on the mesh: let v,ṽ be vertices of the mesh x, then we define
By construction, for any pair of scale values t 1 < t 2 , δ [t1,t2] is positive semidefinite and symmetric, and one can show that it satisfies the triangle inequality. We call the pseudo-metrics constructed from S V ib t and S
F eat t
the vibration distance and the feature distance.
The idea behind the construction of the pseudo-metric is to use the integral t2 t1
However, the actual definition additionally includes two heuristics. First, since for increasing t the values S t (v) decreases for all v, we normalize the value (S t (v) − S t (ṽ)) 2 by dividing it by the discrete L 1 -norm of S t , Second, for a fixed vertex v the signature S t (v), in general, varies stronger for small values of t than for large t's. To increase the discriminative power of the pseudo-metric, we associate a higher weight to the small t's and a lower weight to the larger t's. We achieved this by using a weighted integral with weight function dlog t = 1 t dt. To discretize this weighted integral we use a uniform decomposition of the logarithmically scaled interval [t 1 , t 2 ].
Results and Discussion
We experiment with the vibration modes of the discrete thin shell energy, the eigenmodes of E N D , and, for comparison, the eigenfunctions of the cotan-Laplace operator. In addition, we restrict the space of variations to normal variations of the mesh and inspect the modes of the thin shell energy in this setting. As a discrete L 2 -scalar product we use the diagonal (or lumped) mass matrix M , which comes from FEM. The diagonal entry in the i th row of the matrix is a third of the combined area of the triangles adjacent to the i th vertex of the mesh. To compute the eigenmodes of a mesh, we solve the generalized eigenvalue problem (8) . Since M is a diagonal matrix, this problem can be transformed into a standard eigenvalue problem as described in [27] . Then, we solve the resulting standard eigenvalue problem with the shift-and-invert Lanczos scheme described in [27] . For most examples and applications we do not need to compute the full spectrum, but only the lower part of the spectrum. Spectral zoo. We compare the eigenmodes of the Laplacian to the ones of the modified Dirichlet energy E N D and to the vibration modes of the thin shell energy restricted to normal variations. To convey an impression of the characteristics of the modes of the different energies, we show some examples in Figures 1, 2  and 4 . To visualize the modes we use blue color for positive values, white for zero crossings, and orange for negative values. Additionally, we draw isolines as black lines.
As a first example, we study how the eigenmodes change when we isometrically deform a flat plate, see Fig. 1 . On the undeformed flat plate, the eigenmodes of E N D equal the eigenmodes of the Laplacian. As shown in Fig. 1 , there are certain differences between the three types of considered modes when computed on the deformed plate. Due to its intrinsic nature the Laplacian eigenmodes ignore the newly introduced feature, Fig. 1 For a third comparison, we choose a model without sharp edges, the dancer (25k vertices). We compare the eigenmodes of the Laplacian to the modes of the thin shell energy restricted to normal variations, see Fig. 4 . As in the case of the torus we notice that the Laplacian eigenmodes oscillate equally over the whole surface, see Fig. 4 left. In contrast, the vibration modes respect the extrinsic geometry features, e.g., they align to the creases on the dancer model. In addition, on the dancer model vibration modes corresponding to the lower eigenvalues of the thin shell energy spectrum tend to concentrate on some parts of the surface, e.g., a leg of the dancer. Though the whole surface vibrates, the amplitude of the vibration varies strongly across the surface. Fig. 3 shows eigenvibrations with respect to the discrete thin shell energy. The images on the left (top and bottom row) show the reference mesh and each of the other images visualizes a vibration mode. The discrete thin shell energy is a weighted sum of a flexural and a membrane energy. If we decrease the weight of the membrane energy, the resulting vibration modes include stretching and squashing of the surface, Fig. 3 top row 2 nd and 3 rd image. In contrast, if we put a large weight on the membrane energy, the resulting eigenmodes try to preserve the metric. Examples of such modes are given in Fig. 3 top row 4 th , bottom row 2 nd and 3 rd image.
Vibration Signature. In the following we examine the properties of the vibration signature S V ib t defined in eq. (18) and compare it to the heat kernel signature (HKS) introduced in [26] . As noted in Section 5, S V ib t (v) encodes the vibration behavior of a vertex v on multiple scales, i.e., vertices that oscillate with similar intensity throughout the eigenmodes, will be close in terms of the vibration distance δ [t1,t2] (·, ·). We illustrate this property in Fig. 5 for the Armadillo model (16k vertices). On the left we color plot the vibration distance . Since the HKS is constructed using the spectrum and eigenfunctions of the Laplacian, the signature depends only on intrinsic properties of the surface. Thus the signature is incapable to discern isometrically deformed parts of a surface. The vibration signature however is sensitive to extrinsic information and hence represents an alternative to the HKS. This characteristic of S V ib t becomes especially apparent in the second column of Fig. 6 . Here the middle finger of the hand is almost isometrically deformed. The HKS cannot distinguish this situation from the undeformed one; hence it recognizes the tips of the three longest fingers of the hand as similar to vertex v. As the deformation alters the vibration behavior of the bent finger, S V ib t detects only the tips of the unbent ones. Alike the HKS, the vibration distance can be evaluated at different scales (different choices of [t 1 , t 2 ]). Choosing smaller t's increases the weights (cf. eq. 18) for eigenmodes with higher frequency. Therefore, more local vibrations described by these eigenmodes contribute more to the vibration distance. An example is shown on the right side of the lower row of Fig. 6 . For smaller t's, δ [t1,t2] (v, ·) captures vibrations of the fingertips as well and thus classifies the vertices on all tips as similar to v.
In Fig. 7 we provide a last comparison of the vibration signature and the HKS for the camel model (10k vertices). The vibration distance shown on the left, finds both pairs of knees (at the forelegs and at the hind legs) to be the closest to vertex v. For the HKS, shown on the right, the results are not as intuitive: the vertices at the mouth resp. ears of the camel are closer to the vertex v than the vertices at the hind legs, even closer than the vertices at the knees of the hind legs. This behavior of the HKS was the same at different scales and it is difficult to interpret the results. An indication for this behavior can be found by inspecting the Fiedler vector, which is the eigenfunction of the discrete Laplacian associated to the lowest (non-zero) eigenvalue. Of all eigenfunctions, this one gets the highest weight in the signature. On the camel model, the Fieldler vector has one type of extrema (e.g. its minima) at tips of the toes of the hind legs at the tip of the tail and the other type of extrema (e.g. its maxima) at the tips of the toes of the forelegs, at the tips of the ears, and the tip of the snout. The function values at the tips of the ears and the tip of the snout are about the same as the function values at the knees of the forelegs. Hence, the contribution of this eigenfunction to the vibration distance is almost zero. This behavior repeats at some of the higher modes.
Feature Signature. The feature signature and the feature distance can be used to identify features of the surface like sharp bends or sharp corners. It is our impression that the signature could serve as an indicator function to surface segmentation algorithms. Fig. 8 shows the feature signature on the rockerarm model for different scale values. Vertices of the mesh that have a signature value close to zero are colored white in these images. The white areas seem to include the important features of the rocker arm model. The lower left image shows in blue all the vertices that are close (with respect to the feature distance) to a vertex on a sharp bend. For comparison we show a curvature plot ( κ 2 1 + κ 2 2 ) on the rocker arm.
Concerning the applicability as a feature indicator, an advantage of the feature signature over curvature is that the feature signature naturally comes with a scale parameter. Whereas the curvature is noisy and would require some smoothing operations, the feature distance even for low scale values seems to be much smoother. Another interesting difference is the following. Some areas of the rockerarm model have high curvature but do not indicate features, e.g., the curved area inside the hole has a much higher curvature than for example the flat parts on the sides of the model. Still, the feature distance associates similar function values to both of these parts.
Quadrangulation. We investigate the applicability of the spectral quadrangulation approach by Dong et al. [6] to the eigenmodes of the thin shell energy restricted to normal variations. The Morse-Smale complex of an eigenfunction decomposes the surface into four-sided regions, see Fig. 9 . Critical points emerging from high frequency noise in the functions are removed using cancellations, see Edelsbrunner et al. [8] . Based on the positions of the irregular (non valance 4) vertices and the connectivity of the Morse-Smale complex, a quadrangulation of the surface is constructed. The results of the quadrangulation algorithm for the Kitten (25k vertices) and the Venus (4k vertices) model are shown in Fig. 9 . Two images are shown for every model: first the Morse-Smale complex together with the generating eigenmode and second the final quadrangulation. For the Kitten model the lines of the quadrangulation run diagonally while for the Venus the lines are aligned with the quadrilaterals of the Morse-Smale complex. Since the quadrangulation method depends on various factors, the initial function being only one of these, it is difficult to compare the results produced by eigenmodes of the restricted thin shell energy to those of Laplacian eigenfunctions. Still, our impression is that the quadrangulations produced by eigenmodes of the restricted thin shell energy align more with the features of the surface.
Future Work
Using the eigenmodes of the thin shell energy restricted to normal variations for the quadrangulation of a surface yields promising results. Many critical points of the eigenmodes are placed on the characteristic features of the surface. In its current form the quadrangulation method varies the position of the critical points in order to produce quadrilaterals of similar size, and, therefore, moves the vertices of the quadrangulation away from the features. As future work we would like to modify this scheme such that the vertices of the quadrangulation are not allowed to move away from the feature, but still may vary along the feature. The goal would be to produce quadrangulations that include features (like sharp bends) of the surface. Furthermore, it would be interesting to include the feature signature into the quadrangulation process.
